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Circular cylinder at R=9.6. Here, in contrast to
+ 24, the flow has clearly separated to form a pair of re-
ating eddies. The cylinder is moving theough a tank
itex containing aluminum powder, and is illuminated

ircular cylinder at R=13.1. The standing eddies

e elongated in che flow direction as the speed in-

s. Their lengeh is found o increase linearly with

slds number until the flow becomes unstable above
‘TP{!{I Iqqhﬂ

heee of light below the free surface. Extrapolation of
such: experiments to unbounded flow suggests separation
at R=4 or 3, whereas most numerical computations give
R=5 e 7. Photograph by Sadatoshi Taneda

42. Circular cylinder at R=26. The downstream dis-

tance to the cores of the eddies also increases linearly with

Reynolds number. However, the lateral distance between

the cores appears to grow more nearly as the square root.
. - P

r L o =

(1)




=Z000. At this Reynelds
g of a boundney laver. It is
ge, and breaks up into a -
poings, moving forward as

the Beynolds number ninceased, have tsw attained their
sgetzeamy Jimie, abbendd of maximun thickness, Visualiza-
ghone is by aiv bubbles in water. OINERA photograph, Werle
& Gallon. 1972
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Define the Differential Equation

Name the equation "diffeq". Note the "==" in defining the equation.

diffeq := x''[t] + a (x[t] #x[t] -1) %' [t] + wO™2 #x[t] ==

Set the parameters:

tmin = 0; tmax = 10000;

a=0.05; wd=1;

Choose among the initial conditions: a=theta({0)

xdot0 = 0.0;

x0=3.0

Nunierically solve the differential equaiton using NDSolve, specifying the initial conditions. Setting Max-
Steps to a large number is needed if tmax is large.

solution = NDSolve[{diffeq, ®[0] ==x0, x'[0] = xdot0},
*®, {t, tmin, tmax}, MaxSteps - 2000007 ;

NDSolve returns an "interpolating function”, which can be evaluated later at any time t in tmin <t < tmax.
P g

Plot the Time Dependence and Phase Space

We can just use "Plot" with Evaluate and the “interpolating function" defined by "solution".



pendulum_limit_cycle.nb
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Plot[Evaluate[x[t] /. solution], {t, 0, 100}]

o’ 3

= Graphics -

Now do the phase space plot. You may need to change AxesOrigin to get the axes in a reasonable place.

ParametricPlot[Evaluate[{x[t], x' [t]} /. solution],
{t, 0, 500}, PlotStyle » Hue[.6], AspectRatio- 1,
TextStyle » {FontFamily - "Times", FontSize - 14},
ImageSize » {250, 250}, AxesOrigin - {0, 0}, AxesLabel —» {"x", wx:! ]

= Graphics -

( x0=0.4



pendulum_limit_cycle.nb

$47

solution = NDSolve[{diffeq, x[0] =x0, x'[0] = xdot0},
x, {t, tmin, tmax}, MaxSteps -» 2000007 ;

ParametricPlot[Evaluate[{x[t], x' [t]} /. solution],
{t, 0, 500}, PlotStyle - Hue[. 6], AspectRatio - 1,
TextStyle » {FontFamily » "Times", FontSize - 14},
ImageSize -» {250, 250}, AxesOrigin - {0, 0}, AxesLabel -» {"x", "xt'ny]

- Graphics -
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- Define the Differential Equation

Name the equation "diffeq”. Note the "==" in defining the equation.

diffeq := 6''[t] + a@'[t] + w0"28in[O8[t]] = fe *Cos[wlxt + de]

Set the parameters:
tmin = 0; tmax =1000;
a=0.05; w0=21; wl=0.7; de=0.0;

fe=0.2;

Choose among the initial conditions: a=theta(0)

6dot0 =0.0;

o,

Numerically solve the differential equaiton using NDSolve, specifying the initial conditions. Setting Max-
Steps to a large number is needed if tmax is large.

solution = NDSolve[{diffeq, 6[0] =a, &' [0] == 8dot0},
6., {t, tmin, tmax}, MaxSteps - 20000];

NDSolve returns an "interpolating function", which can be evaluated later at any time t in tmin < t < tmax.

Plot the Time Dependence and Phase Space

We can just use "Plot"” with Evaluate and the "interpolating function" defined by "solution".

i



pendulum_poincare teach.nb

3-&0o

Plot[Evaluate[@[t] /. solution], {t, 300, 500}]

-0.4
= Graphics =
Now do the phase space plot. You may need to change AxesOrigin to get the axes in a reasonable place.
ParametricPlot[Evaluate[{6[t], 6'[t]} /. solution],
{t, 300, 500}, PlotStyle -» Hue[.6], AspectRatio- 1,
TextStyle » {FontFamily » "Times", FontSize - 14},

ImageSize » {250, 250}, PlotLabel - StyleForm["Phase Space"],
AxesOrigin- {0, 0}, AxesLabel » {"@", "gruy]

Phaseé/Space

0
0.2 0/4

- Graphics =



-

pendulum_poincare_teach.nb 3

3-4

Poincare Sections

The idea of a Poincare section is to plot a point in phase space once every period of the external force,
2nf(external frequency). The resulting pattern gives information about the periodicity of the signal (or
indicates chaos). Start the plot at a large enough time t ("tstart") so that the transients have died out.

Set the external period and how many periods we'll consider. Define a function timeperiod[i] giving the
corresponding time as a function of the period number.

Texternal := 2 Pi/wl;
tstart = 10+ Texternal;
numperiods = 50;

timeperiod[i_] := tstart + i*Texternal

Just evaluate at the relevant points. Flatten[expr,1] strips off a layer of {}'s.

PoincarePts = Flattem[Table|
Evaluate[{6[timeperiod[i}], & [timeperiod[i]]} /. solution],
{i, 10, numperiodg}], 1];

ListPlot plots pairs of numbers in the PlotRange.

ListPlot[PoincarePts, AspectRatio - 1,
TextStyle » {FontFamily - "Times", FontSize - 14},
ImageSize -» {300, 300},
PlotRange » {{-8xPi, Pi}, {-2, 2}},
PlotLabel -» StyleForm["Poincare Section®],
AxesOrigin - {-6xPi, 0}, AxesLabel - {ngn, ngruy,
PlotsStyle » {PointSize[0.015], RGBColox([1, 0, 0}}]

29' Poincare Section

r

L.5
1
0.5

fo
D

=25 =20 -15 =10 -5 0
~0.5

~1
~1.5
~2

- Graphics -
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4.6 CHAOS IN A BENDULUM, 167

Bhase-space plot Poincaré section
F= D‘l‘
0AAANAAAA o 1> 0 -
ZAVAVAVIVAAV/AV <=

Angular velocity, y = dx/dt’
[l

o .
Time ¢ Angle x Angle x

FIGURE 419° The damped‘and’driven pendulum for various values of the driving-
force strerigth: The angularvelocity versis time is'shown'on the left,
and'phase’ dngr’trns are in the center. Poincaré sections'are showr on
the nght\,ﬁﬂ\ e that' motibn is'chaotit for the driving force F valuies of.

06,07, and'1.0; D
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168: 4./ NONLINEAR OSCILLATIONS AND, CHAQS

. Phase
Poincaré : }f‘/ path
sections, ——, Wi
5 , X {:9)
Intérval' . .
. Ag Ag A]
z (=awt" ‘ -

FIGURE 4:20¢ (a):Poincaré plot a:three-dimensional‘phase diagram, sHowing:three
Poincaré sections-and/thie phase path: The sections are projections
along:the y-xplane. (B)'The points:A; are the phase path intersections
with tlie section'plots: They are plotteditiere on the y-xplane to-help
visualize the motionsinphase space.




No.

Date 3 __53

Roincarg sectiom

(
_ th g 4if SHUBF, RAR E F=0.80P3 ZF
‘Plvw—wﬁﬁé—fﬁ%%%ﬁ— B (rsw)x
/2 /k* ,L/t .
5 L’A _— o
2 ey 'l \J’:
.*YE// Xo 5% e
e k\\__/J e U G Xo IS mose
R [ JY(O)
P
/_/lfrsg !
; ()
™ Tﬁ{%@ =
- <-1 oz
W )
—

( Ee MmN IRIB B Rt BB b7
%&M%ﬁﬂw—%ww

¥, 5% 30 Bf 46




7 X, X ¥t % B3 5+

(c!\,}\ﬂ amic S )

é = g = %i@/;%_' Poincard section plot
—-LA__HQ».Q__MMJ&MEQ#_W

t'= 2T, 2 Fd %5 (xx, 2) 27:).,% 4/%@
5

( )
N
>

[N 27T n F=0.£ T = s
L2 "ZEXW‘“) ' : L
== B —__ 2% 2
' =20 =
2 g = £ é\ clynam cs
_
™
(G,

—Perisdie —dsu bt “A? =) Zé
E :é - I ;» . —Ec—ﬁﬁﬁl iia__ﬁj’qpﬁéélgﬁéiﬁ# _—

= P R
-

5{?% B %@ SHanp e [C'qu‘ﬁ't) attracey b/ /ﬁé
C VR,

_%Lmtx_mw_,ﬁé%g—‘% 3 Bk %S

A&



gy

Lorentz.nb ’ B’Jj‘:—’ 1
LorenTz aTtractor

NDSolve[{x'[t] =10+ (y[t) -x[t]), ¥' [t] = —x[t]«z[t]) + 28 %x[t] ~-yitl,

zilt] =x[t] #y[t] -82[t] /3, x[0] == 1, y[0] == 15, =[0] == 10}, {x, vy, z}, (t, O, 50} ]

{{x - InterpolatingFunction|{{0., 50.}}, <>1,
Yy - InterpclatingFunction[{{0., 50.}}, <>], A\(
z - InterpolatingFunction{ {{0., 50. 1}, <>11)

T =I(=(b-x)

Plot[x[t] /. %1, {t, 0, 50}] %‘7 = —-X2 +2f )(—?

i5
d= £
10 o :':X‘g - X 2
5
L 0 4 &0

s I
-10
~15

- Graphicsg -

Plotfy[t] /. %1, {t, 0, 50}]

20

i0

-10

~20

- Graphics -




£,

Lorentz.nb

P Cw>

Plot[z[t] /. %1, {t, 0, 50}]

40

35

30

25

20

i5¢

10

10

- Graphics -

Plot[Evaluate{x[t] /. %1], {t, O, 50}]

15

10

5

30

50

~10

-15

~ Graphics -

ParametricPlot[{Evaluate[x[t] /. %1][[1]]), Evaluate[y[t] /. SLI[[211}, {t. 0, 50}]

~ Graphics -




2
e

Lorentz.nb 3"33’/ g

ParametricPlot3D[Evaluate[{x[t], y[t], z[t]} /. %11, {t, 0, 50}, PlotPoints - 1000]

- Graphics3D -

Evaluate[x[0.12] /. %1]

{14.2638)}
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FIGURE 4i22' Logistic equation map for avalues of 2.9'and’3:1} indicating stable
populationsin’ (g.)iandimul;tiplé possible solutions for e:> 3.0'in(b).
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FIGURE 421 Techniques for producing a'map of the logistics equation:
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The Lyapunov exponent is denoted by Lya,
which is obtained by generatinga ligt of xi, using NestList. The average of the elements
of the list canbe calculated using Appl [Plus, list] and dividingby Length{list]

£lx 1 t=axx (L-x);

lya[l_, xinit_, n_, ndrop ] := (@ =1; xlist = Drop[Nestbist[£, xinit, n], ndrop + 1];
Apply [Plug, Log[Abs[f ' [x1ist]]}]/ Length[xlist])

Plot[lya[a, 0.7, 5000, 2000], {a, 2.0, 4.0},
AxesOrigin=- {2.0, 0}, AxesLabel + {"a", "M}
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