Quantum Mechanics (I): Homework 2
Due: October 20, 9AM (hand-in box of Room 514 Physics Dept.), 2021

Ex.1 10 Page 54, ex 1.8.12

Ex.2 10 Page 30, ex 1.7.1 (1) and (2)

Ex.3 (a) 10

The exponential of an operator A is defined by

Assuming [A, B] = ¢, where c is a constant, verify, to O(\?),
exp(AA) exp(AB) = exp A(A + B) exp(A2¢/2).

Therefore, when A and B are commute, eprexpB = exp(A + B)

(b) 10 In general, when [fl, 3] does not vanish and is not a constant, show that the following Feynman’s identity is
correct

1 D A S A
exp(A 4 B) = Ty exp [/ d)\e’\BAe_/\B] exp(B),
0

where similiar to anti time-ordering, T orders larger A to the right.

Ex.4 Suppose that the wavefunction of a free particle at t = 0 is given by ¥(z,0) = (7A2)~ V% exp(—x2/2A2).

(a) 5 Derive ¢(z,t) for t > 0.

(b) 5 Verify that the ¢ (x,t) you obtain satisfies (¢)|¢)) =1 for t > 0.

(¢) 5 Find the momentum uncertainty Ap(t) for ¢t > 0.

Ex.5 10 Page 163, ex 5.2.1

Ex.6 10 Page 163, ex 5.2.2

Ex.7 10 Page 167, ex 5.3.4

Ex 8 10 Suppose {A,B} = AB + BA = 0, show that A exp(—B) = exp(B) A.

Ex.9 The system described by the Hamiltonian Hy has just two orthonormal energy eigenstates, |1 > and |2 >.
The two eigenstates have the same eigenvalues, Ey. Now suppose the Hamiltonian for the system is changed by the
addition of the term V', giving H = Hy + V. The matrix elements of V are

AV =0, (A[V[2) = Vis, (2IV]2) =0,

(a) 5 Write out H in matrix-product form. (b) 10 Find the new energy eigenvalues and eigenkets (in terms of |1 >
and |2 >).

(c) 15 Now suppose that instead of being governed by H, the system is governed by H’ = a|1) (1|4 b|1)(2| 4 ¢|2) (1] +
d|2)(2|. Here (1]1) = (2]2) = 1 and (1]2) = x. Show that the eigenvalues X of H’ satisfy

a+bx* +ex +dx]? =X V1—|x]2(b+dx) ’ _o
V1= Ix[P(e+dx7) d(l = |xI*) = A
Why is the equation for A different from the one that determines for the eigenvalues for (b)?

(d) 5 For problem (c), if one denotes H'|1) = H/,|1)+H%,|2) and H’|2) = H!,|1)+ H},|2), show that the computation
of eigenvalues to H’ follows the usual way of solving eigenvalues for matrices. That is, if one denotes the eigenket by

Oz‘l> + B|2>, show that
(Hh 11{2)(()‘)_)\(@)
Hél Hé2 B B )’

Hiy-\ M,
H21 H22 —A

hence )\ satisfies

o



Ex.10
(a) 10 Verify that the operator

T [efi/h fo dt ﬁ(t)]
is a solution to the operator differential equation
L d AT
zh%U(t, 0) = H(¢t)U(¢,0),

where T[- - ] is the time-ordered product.

(b) 10 Under certain electromagnetic interaction, the Hamiltonian of an electron is given by H(t) = p2/2m +
A(& coswt + psinwt). Using the time-ordered product expression of U(t,0), find U(T,0) accurately to O(H?) (i.e.,
neglect O(H?)), where T = 27 /w.

Ex.11 Consider an operator A of which (z|A|z') = A(z)d(z — '), where A(z) is the corresponding operator acting
on d(z—a'). For instance, if A = p, A(x) = —ihd/dx. Similarly, for AT, we can also write (z|AT|2’) = Af(z)6(z—2').
(a) 5 Show that the relation (#|Af|y)) = (¥|A|p)* reduces to [ dzg*(z)[Atyp(z)] = [ da(x)[A*¢*(x)].

(b) 10 Nonlocal potential In the usual Schrédinger equation, the potential V is local in the sense that (2[V|2') =
V(x)d(x — '), ie., V is diagonal in "x-basis”. As a result, 1 (z,t) does not depend ezplicitly on 1h(z,t) at other
position z’. Suppose now that the potential is nonlocal, i.e., <w|\7|m’) = V(x,2’), where V(z,2') # 0 when x # z'.
What is the corresponding Schrodinger equation in ”x-basis” 7 A
Ex.12 5 15:|z><z| is a projection operator that projects any state to the space spanned by |i). Show that g¥ =

1 — (1 — g)P where g is a real number.

Ex.13 Consider a quatum system whose Hilbert space is two-dimensional. The system is usually termed as a two-level
system.

(a) 10 Show that in general, the density matrix j is characterized by three real numbers (b;, b, and b,) and can be

written in the form p = % (I +b- 5’) with b- & = byoy 4+ byoy +b.0,. Here I, 0, 0, and o, are given by

(10 (01 (0 —i (10
“{o1)%={10)%=\io)% \0-1)"

(b) 5 Find the condition for b so that the 2 x 2 matrix, % (I +b- &’) , is indeed a density matrix. What is the condition
in terms of b when p describes a pure state?

Ex.14 10 As we know, the probability current density in the Schrédinger equation is given by

ih 0 0
= — |¥(2)=—"0"(z) = U*(z)—T .
) = g [Wla) 0 (0) = ¥ ()W)
Construct the current density operator J(x) in terms of % and p such that (¥|J(x)|®) = J(z). Note that the z in
J(x) is a parameter, not an operator.



